Within the framework of Berthelot's theory of arithmetic D-modules, we prove the p-adic analogue of Betti number estimates and we give some standard applications. 
Introduction
Let k be a perfect field of characteristic p and l be a prime number different to p. When k is algebraically closed, within the framework of Grothendieck's l-adic etale cohomology of k-varieties, Bernstein, Beilinson and Deligne in their famous paper on perverse sheaves, more precisely in [BBD82, 4.5.1] (or see the p-adic translation here in 3.2.2), established some Betti number estimates. The goal of this paper is to get the same estimates in the context of Berthelot's arithmetic D-modules. We recall that this theory of Berthelot gives a p-adic cohomology stable under six operations (see [CT12] ) and admitting a theory of weights (see [AC13b] ) analogous to that of Deligne in the ladic side (see [Del80] ). This allows us to consider Berthelot's theory as a right p-adic analogue of Grothendieck's l-adic etale cohomology. By trying to translate the l-adic proof of Betti number estimates in [BBD82, 4.5 .1] into the framework of arithmetic D-modules, two specific problems appear. The first one is that we do not have a notion of local acyclicity within the theory of arithmetic D-modules. We replace the use of this notion by another one that we might call "relative generic O-coherence" (more precisely, see Theorem 2.3.3). The goal of the chapter two is to prove this property. The proof of this relative generic O-coherence uses the lagrangianity of the characteristic variety of a unipotent overconvergent F-isocrystals. This lagrangian result is the main purpose of the first chapter. In the case of curves, this yields easily the lagrangianity of the characteristic variety of a holonomic arithmetic D-modules. We recall that, following Kedlaya's semistable reduction theorem of [Ked11] , any overconvergent F-isocrystal becomes unipotent after the pullback by some generically etale alteration. This semistable reduction theorem of Kedlaya will be very useful in the proof of the relative generic O-coherence to reduce by descent to the case of a unipotent Fisocrystal and then to be able to apply the lagrangian result of the first chapter (see the step II.1. of 2.3.3). In this first chapter, adapting Kashiwara's original proof in [Kas77] to our context, we also check the purity of the dimension of Berthelot's characteristic variety of a holonomic arithmetic D-module endowed with a Frobenius structure (see 1.2.9). The second emerging problem when we follow the original l-adic proof of Betti number estimates is that we still do not have vanishing cycles theory as nice as within the l-adic framework (so far, following [AC13a] we only have a p-adic analogue of Beilinson's unipotent nearby cycles and vanishing cycles). Here, we replace successfully in the original proof on Betti number estimates the use of vanishing cycles by that of some Fourier transform and of Abe-Marmora formula ([AM, 4.1.6.(i)]) relating the irregularity of an isocrystal with the rank of its Fourier transform. We conclude this paper by the remark that these Betti number estimates allow us to state that the results of [BBD82, chapters 4 and 5] are still valid (except [BBD82, ] because the translation is not clear so far).
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Convention, notation of the paper
Let V be a complete discrete valued ring of mixed characteristic (0, p), π be a uniformizer, K its field of fractions, k its residue field which is supposed to be perfect. If l is a field, an l-variety (or simply variety is there is no ambiguity with the field l) is a separated reduced scheme of finite type over l. We recall that a k-variety X is realizable if there exists an immersion of the form X ֒→ P, where P is a proper smooth formal scheme over V. In this paper, k-varieties will always be supposed to be realizable. We will denote formal schemes by curly or gothic letters and the corresponding straight roman letter will mean the special fiber (e.g. if X is a formal scheme over V, then X is the k-variety equal to the special fiber of X). The topological space underlying to a k-variety X is denoted by |X|. When M is a Vmodule, we denote by M its π-adic completion and by M Q := M ⊗ V K. Concerning the notion of cohomological operations in the theory of arithmetic D-modules, we follow the usual notation (for instance, see the beginning of [AC13b] ). Moreover, is f : P ′ → P is a morphism of formal schemes over V, we denote by L f * the functor defined by L f * (M) = O P ′ ,Q ⊗ L f −1 O P,Q f −1 M, for any complex M of O P,Q -modules. When f is flat, we remove L in the notation. If T → S is a morphism of schemes and f : X → Y is a S-morphism, then we denote by f T : X T → Y T or simply by f : X T → Y T the base change of f by T → S.
If j : U ֒→ X is an open immersion of (realizable) varieties, the functor j ! : D b ovhol (X/K) → D b ovhol (U/K) (or the functor j ! : Ovhol(X/K) → Ovhol(U/K)) will simply be denoted by |Y (in other papers, to avoid confusion, it was sometimes denoted by Y but, here, there is no risk of ambiguity since we do not work "partially"). 
We remark that
Hence, the category of good filtered (D, D i )-modules is exact and we get a notion of strict morphism of good filtered 
e. such that u is strict). Notation 1.1.4 (Localisation). Let f be a homogeneous element of grD. We denote by
the localized filtered module of (M, M i ) with respect to
The results and proofs of Malgrange in [Mal76, IV.4.2.3] (we can also find the proof in the book [HTT08, D.2.2]) can be extended without further problem in the context of complete filtered ring:
is a resolution of M (in the category of D-modules).
In that case, we say that
Proof. This is almost the same than [Mal76, IV.4.2.3.2]. For the reader, we recall the construction: with the remark 1.1.3, there exists a strict epimorphism of good filtered
We go on similarly. 
Proof. 
In particular, we have the implication
Proof. We can follow the usual arguments: from 1.
, this yields the first two properties. Since L n is a free filtered (D, D i )-modules of finite type, we check that the canonical morphism grK n → Hom grD (grL n , grN) is an isomorphism. Since grL • is a resolution of grM by projective grD-modules, this implies H r (grK
We conclude by using Lemma 1.1.7. 
Purity of the codimension for holonomic modules

We have codim Ext
r grD [ f ] (grM, grN) ≥ r.
If r < codimgrM then Ext
r grD [ f ] (grN, grD [ f ] ) = 0. Proof. By construction (see [Lau85, A.2]), we get grD [ f ] ∼ −→ (gr D) f .
(Localisation and π-adic completion)
. Let S := Spf V. Let X be an affine smooth V-formal scheme, X n the reduction of X modulo π n+1 . We put
. These rings are canonically filtered by the order of the differential operators ; we denote by (D, D i ) and (D n , D n,i ) the (ind-pro) complete filtered rings. Let f be an homogeneous element of gr D and f n its image in gr D n . With the notation of 1.1.4, by using the same arguments than in the proof of [Abe14, 2.3], we get the canonical isomorphism of (ind-pro) complete filtered rings 
In particular, this means that the good filtration (M n,i ) i∈N induces canonically a good filtration
is complete for the π-adic topology. Hence, we get the canonical isomorphism of 
Proof. It is enough to follow the proof of [Kas77, 2.11]. More precisely, we can suppose X affine with local coordinates. We set S :
(we recall that this is independent on the choice of the good filtration). Let η be the generic point of V . With [Mat80, 7.D and 10.B.i)], we check that the irreducible components of Supp(gr M) are of the form V (J) with J a homogeneous ideal. Let Z be the union of the irreducible components of Supp(gr M) which do not contain η. Then, we get from the remark 1.2.6 that there exists a homegeneous element f ∈ gr D such that η ∈ D( f 0 ) and
X,Q )). Using the same arguments than above, there exists
X,Q )) = / 0. We put h = f g.
X,Q -module, from Theorem A and B of Berthelot, we get the 
On the other hand, from 1.2.1 we get for any i > r the inequality Codim(Ext
reducing D(h 0 ) if necessary (use again the remark 1.2.6), for any i > r we get Ext
To sum up, we have found an homogeneous element h ∈ gr D such that η ∈ D(h 0 ) and
. From the exact sequence of universal coefficients (e.g. see the beginning of the proof of [Vir00, I.5.8]), we get the inclusion Ext
Hence, for any i = r, from the step 2) a) of the proof, we obtain the vanishing Ext
3) From steps 1) and 2), we have checked that 
Preliminaries on tangent spaces
Notation 1.3.1. Let f : X → Y be a morphism of smooth k-varieties. We denote by T * X (resp. T * Y ) the cotangent space of X (resp. Y ), and by π X :
We denote by U f the function from the set of subvarieties of T * X to the set of subvarieties of T * Y defined by posing, for any subvariety 
Then we the equality
Proof. The equality ρ −1 f (T * Z X) = T * Z P can be checked by considering the following diagram with cartesian squares:
where, from [HTT08, I.2.4.1], the composition of the second row is ρ f •u (which justifies the cartesianity of the upper right square). Concerning the second assertion, both Z × X T * X X and T * Z X are subvarieties of Z × X T * X. So, the inclusion is local in X and Z and this is checked by computations in local coordinates. 
Proof. From the first equality of Lemma 1.3.2, we reduce to the case X = P. Using the second part of Lemma 1.3.2, we get the inclusions
, which yields the desired result when X = P. 
If f is étale, then ρ f is an isomorphism, T
* X Y = ϖ −1 f (T * Y Y ), U f (T * X X) = ϖ f (T * X Y ) ⊂ T * Y Y .
If f is smooth then
U f (T * X X) ⊂ T * Y Y .
When f is a smooth surjective morphism, we have the equality
Proof. First, suppose that f is etale. Using [Gro61, 1.7.11.(iv)], we check that ρ f is an isomorphism. By computation in local coordinates, we get
, which implies the end of the first assertion. Let us prove the second assertion. Since this is local in X (indeed, for instance use Lemma 1.3.3 and the transitivity of the application U ), we can suppose that there exists an etale morphism of the form X → A n Y whose composition with the projection A n Y → Y gives f . By transitivity of U with respect to the composition (see 1.3.1) and by using the étale case, we reduce to the case where f is the projection A n Y → Y . Since this is local relatively to Y , we can suppose that Y has local coordinates. Then, this is an easy computation. When f is a smooth surjective morphism, we get the last assertion because in that
1.4 Lagrangianity for log-extendable overconvergent isocrystals and the case of curves 1.4.1. Let P be a smooth formal scheme over V. We recall that for any exact sequence 0
.4.(i) and 5.2.7])
. Let E be a coherent F-D † X,Q -module. We say that E is Lagrangian (resp. isotropic) if Car(E) is Lagrangian (resp. isotropic). From 1.2.9, E is Lagrangian if and only if E is holonomic and isotropic.
Let E be a complex of F-D b coh (D † P,Q ). We say that E is Lagrangian if for any integer n, the characteristic variety of 
X/S -modules is an isomorphism. We remark that this is a consequence of above computations and of [Ber00, 2.2.4.3] which states that the image of ∂ 
.1).
Proof. This is local so we can suppose X affine and with local coordinates t 1 , . . . ,t d such that
We proceed by induction on r. 
The latter isomorphism implies that H is isogeneous to a coherent D (m) 
.3]). By definition, this implies Car
For any i = 1, . . . , r, we put X i := X \ Z i . From the induction hypothesis, we get the first inclusion Car(
X, where the union runs through subsets I i of {1, . . . , r} which does not contain i. Since (X i ) is a open covering of X \ Z min and since ι −1 (Car(E)) ⊂ T * Z min X, we conclude.
In the case of curves, the above proposition (and independent results checked later in this paper) implies the Lagrangianity for overholonomic arithmetic D-modules. Proposition 1.4.4. Let P be a smooth formal scheme over V of dimension
Proof. By definition (see 1.4.1), we can suppose that E is a coherent F-D † X,Q -module. There exists a divisor T of P such that putting U := P \ T we get (
is Lagrangian, by devissage (see 1.4.1), we reduce to the case where E ∈ F-Isoc † † (U, P/K). From Kedlaya's semistable reduction theorem (more precisely the global one, i.e. [Ked11, 2.4.4]), there exists a finite generically finite and étale morphism a : P ′ → P such that, putting U ′ := a −1 (U) and T ′ := a −1 (T ), P ′ is smooth and the object a ! (E) ∈ F-Isoc † † (U ′ , P ′ /K) comes from a log convergent isocrystal on the smooth log scheme (P ′ , T ′ ) (i.e. the underlying scheme is P ′ and the log structure comes from T ′ ). Since P ′ is a curve, there exists a smooth formal scheme P ′ over V whose special fiber is (isomorphic to) P ′ . Since a is a finite morphism of normal varieties, there exists (canonically) a universal homeomorphism morphism b : P ′ → P ′′ and a finite etale morphism c : P ′′ → P such that a = c • b. From 1.3.4 and 2.1.3, we check that E is Lagrangian if and only if c ! (E) is Lagrangian. Hence, we can suppose that a is a universal homeomorphism morphism. From the remark 2.2.3 and its notation, for s large enough, there exists a universal homeomorphism f : P → P ′σ such that a σ • f = F s P/k : P → P σ . Since the morphism f induces the morphism of smooth log-varieties (P, T ) → (P ′σ , T ′σ ), this implies that f ! (a σ ! (E σ )) is an object of F-Isoc † † (U, P/K) which comes from a log convergent isocrystal on the log scheme (P, T ). From 1.4.3, we get that
Since E has a Frobenius structure, we conclude. 
Relative generic O-coherence
Inverse and direct images of complexes of arithmetic D-modules and characteristic varieties
F ∈ D b coh (D (0) Y ) such that the restriction ρ f |ϖ −1 f (|Car (0) (F)|) is proper, we have f ! (0) (F) ∈ D b coh (D (0) X ) and |Car (0) ( f ! (0) F)| ⊂ ρ f (ϖ −1 f (|Car (0) (F)|)).
Proposition 2.1.2 (Laumon). With the notation of 1.3.1, for any
is proper, we have f 
We have the equality |Car
(0) ( f ! (0) (F))| = ρ f (ϖ −1 f (|Car (0) (F)|)).
If f is moreover finite and surjective of degree d, then
Proof. First, let us check the first equality. Since this is local in X and Y , we can suppose that X and Y are affine with local coordinates. We have f * gr D
X (i.e. ρ f is an isomorphism) and the etale homomorphism of rings F) )), which gives the desired equality.
Since the second part of the lemma is local in Y , we can suppose that X and Y are affine with local coordinates and
Let f : P
′ → P be a proper morphism of smooth formal V-schemes. 
From the isomorphisms
By using a spectral sequence (the result is given in the beginning of the proof of [Vir00, I.5.8]), we obtain the
. By Berthelot's definition of the caracterisc variety of E ′ , we have Car(E ′ ) = Car (0) (E ′(0) ). Hence, we have checked the following proposition.
Proposition 2.1.5. Let f : P ′ → P be a proper morphism of smooth formal V-schemes.
2.1.6. Let f : P ′ → P be a finite étale surjective morphism of smooth formal V-schemes.
1. In that case, since f + (0) = f * (and then preserves the property of p-torsion freeness) and f + = f * , the inclusion 2.1.4.1 is an equality. In fact, with the usual notation of Abe (see [Abe10] ), we get the equality 
Moreover, let (E, φ) be a coherent F-D
(2.1.6.1) Proposition 2.1.7. Let f : P ′ → P be a finite étale surjective morphism of degree d of integral smooth formal V- 
Some kind of Frobenius descent
We will need some kind of Frobenius descent so we introduce the following notation.
2.2.1.
Let F k : k → k be the Frobenius map and σ 0 : V → V be a lifting of Frobenius. Let s be a positive integer and σ = σ s 0 the corresponding lifting of the sth power of the Frobenius map. Let X be a k-variety and P be a formal V-scheme. We denote by X σ and P σ the corresponding k-variety (resp. formal V-scheme) induced by the base change by σ. We will denote by F s X/k : X → X σ and F s P/V : P → P σ the corresponding relative Frobenius.
Lemma 2.2.2. Let f : X → P be a dominant morphism of smooth integral k-varieties. Let Z ֒→ X be a proper closed subset. Then there exists a dense open subvariety U of P, a universal homeomorphism g : U ′ → U with U ′ normal, a projective generically finite and etale U ′ -morphism of the form f
Proof. Let l be the field of fraction of P,
there exists a projective and generically finite and etale morphism φ
. By increasing l ′ is necessary, it follows from [Gro66, 8.8 
.2.(i)] that there exists a morphism φ l
is a strict normal crossing divisor relatively to U. Lemma 2.2.5. Let f : P ′ → P be a finite, surjective morphism of smooth formal V-schemes. Let E be a coherent
Proof. Recall that we denote by f * the functor defined by f
First, suppose that f is finite and étale. Since f + = f * , we get that f + f ! (E) is O P,Q -coherent. Since E is a direct factor of f + f ! (E), then E is also O P,Q -coherent. By splitting f by a universal homeomorphism followed by a finite etale morphism, then we reduce to the case where f is a universal homeomorphism. In that case, for s large enough, F s P ′ /V : P ′ → P ′σ factors throught f . Hence, since from [Ber00] the functor (F s P ′ /V ) * induces an equivalence of categories (for coherent D † Q -modules) and using the easy implication of the lemma, we can suppose that f = F s P ′ /V (and P = P ′σ ). In that case, from the isomorphism given just after Theorem [Ber00, 4.2.4] and from the definition of f ! given in [Ber02, 4.3.2.2], we get that f ! (E) ∼ −→ f * (E) (this is harder to check when E is only D † P,Q -coherent). We can suppose P affine. Since E is a coherent D † P,Q -module, this is sufficient to check that Γ(P, E) is of finite type over Γ(P, O P,Q ) (see [Car06, 2.2 
.13]). Since the extension
Γ(P, O P,Q ) → Γ(P ′ , O P ′ ,Q ) is faithfully flat (because f : P ′ → P is faithfully flat), since Γ(P ′ , f ! E) ∼ −→ Γ(P ′ , O P ′ ,Q ) ⊗ Γ(P,O P,Q ) Γ(P, E) is of finite type over Γ(P ′ , O P ′ ,Q ), we conclude.
The result
Lemma 2.3.1. Let α : X → X be a finite étale surjective morphism. Let Theorem 2.3.3. Let P 1 be a smooth separated formal V-scheme, P 2 be a proper smooth formal V-scheme, P := P 1 × P 2 and pr : P → P 1 be the projection. Let E be a complex of F-D b ovhol (D † P,Q ). Then there exists an open dense formal subscheme U 1 of P 1 such that, for any finite étale surjective morphisms of the form α 1 : P 1 → P 1 and α 2 : P 2 → P 2 , putting P = P 1 × P 2 , α : P → P and E := α + (E), we have (pr
We can suppose that α 1 = Id. Indeed, consider the following diagram
Suppose there exists an open dense formal subscheme U 1 of P 1 such that pr
. By base change theorem we get 
From Lemma 2.3.1, this implies that (pr
By abuse of notation (to simplify them), P 1 will mean a dense open set U 1 of P 1 (be careful that the open set has to be independent of the choice of α 2 ), X and P will mean the base change of X and P by the inclusion U 1 ⊂ P 1 .
1) From Kedlaya's semistable reduction theorem (more precisely the global one, i.e. [Ked11, 2.4.4]), there exists a surjective, projective, generically finite étale morphism a : X ′ → X, with X ′ integral and smooth such that Z ′ := a −1 (Z) is the support of a strict normal crossing divisor of X ′ and, putting Y ′ := a −1 (Y ), a * (E)|Y ′ extends to a log-F-isocrystal with nilpotent residues on the smooth log scheme (X ′ , Z ′ ) (i.e. the underlying scheme is X ′ and the log structure comes from the strict normal crossing divisor Z ′ ). Since a is projective, there exists a closed immersion of the form u ′ : X ′ ֒→ P N × P (this is the product in the category of formal scheme over V) such that the composition of u ′ with the projection f : P N × P → P induces a. Since a + • a ! (E) is a direct factor of E, we reduce to the case where X is smooth, Z is a strict normal crossing divisor of X and E|Y extends to a log-F-isocrystal with nilpotent residues on (X, Z).
2) From Proposition 2.2.4, by replacing P 1 by an open dense formal subscheme if necessary and for s large enough, putting W := (X σ × P σ 1 P 1 ) red , there exists a projective generically finite and etale P 1 -morphism of the form φ :
Hence, we get the commutative diagram:
where P 3 is a proper smooth integral formal scheme over V, pr ′ : P 3 → Spf V is the structural morphism, f is in fact induced by a morphism of the form f : P 3 → P σ 2 (since φ is projective, this f is more precisely chosen to be equal to the projection f :
log-F-isocrystal with nilpotent residues on (X σ , Z σ ) then G ′ |Y ′ extends to a log-F-isocrystal with nilpotent residues
Indeed, since the check is local on P ′ , we can suppose P ′ affine with local coordinates
, there exists a smooth affine formal V-scheme W ′ whose special fiber is W ′ . Let u : W ′ ֒→ P ′ be a lifting of W ′ ֒→ P ′ and let
P ′ , which gives the desired result.
4) Let α 3 : P 3 → P 3 be the finite etale morphism of integral proper smooth formal V-schemes induced from α σ 2 by base change by f :
Since pr ′ is proper, from 2.1.5, we get the inclusion
Using 2.1.7.1, we get |Car(α 3+ α
where the inclusion comes from the step 3). Moreover, from 1.3.2, 
Hence, since θ is proper, we get the morphisms by adjunction
The composition is an isomorphism. Indeed, since E σ |Y σ is an isocrystal, we reduce to check it on a dense open subset of Y σ . Hence, we can suppose that ψ and b are morphisms of smooth varieties. We reduce to check this kind of property separately for b and ψ. The case of b can be checked using [AC13b, 1.3.12]. Since ψ is generically finite and etale, the second case is already known. c) We have just checked that E σ |Y σ is a direct factor of
, with the convention of the paper, we get the morphism j σ :
which gives the desired result. 6) Putting G := α σ 2+ (G) (and with the abuse of notation f : P 3 × P 1 → P 2 × P 1 of the paper), the step 5) implies (using some base change isomorphism), that G is a direct factor of φ + (
, this inclusion is equivalent to say that pr 
. From Lemma 2.2.5, this implies that pr
3 Betti numbers estimates
Preliminary
Lemma 3.1.1. Let U be an affine smooth variety. Let F ∈ F-Isoc † † (U/K). Then we have the inequalities:
where ∨ means the O-linear dual functor. Hence, we reduce to check the first inequality. Since U is affine, H −d p U+ (F) corresponds to F ∇=0 , the horizontal sections of F (i.e. the 0th cohomological space of the Monsky-Washnitzer cohomology of F). Since F ∇=0 ⊗ K O U is included in F (where O U means the constant object of F-Isoc † † (U/K)), we get the desired inequality.
Lemma 3.1.2. Let X be a smooth irreducible curve, j :
Proof. Let θ j : j ! → j + be the canonical morphism. Since i ! j + = 0, since the cone of θ j has its support in Z, then by using Berthelot-Kashiwara theorem (see [Ber02, 5.3 .3]) we get ker(θ j ) F) ) and we reduce to check 3.1.2.1 for n = 1.
We have the exact sequence 0
, there exists a finite surjective morphism f : P ′ → X, with P ′ smooth integral, such that f ! (F) comes from a convergent isocrystal on P ′ with logarithmic poles along f −1 (Z). Since P ′ and X are smooth and f is finite and surjective then f is flat (e.g. see [Gro67, IV.15.4 .2]). Let X ′ be an open dense subset of P ′ such that Z ′ := f −1 (Z) ∩ X ′ is a closed point. We get the (quasi-finite) flat morphism a : X ′ → X and the open immersion j : U ′ := a −1 (U) → U. Since a is flat, then a ! is exact. Hence, we get the exact sequence 0 → a
. Then, we get the epimorphism
(we have the last isomorphism because a induces the isomorphism a −1 (Z) ∼ −→ Z). By applying i ! (and by using Berthelot-Kashiwara theorem), we get dim
Since a ! F is log-extendable, then from [AC13b, 3.4 .12] we obtain the inequality dim
3.1.3. Let S be a k-variety. Let us briefly review the geometric Fourier transform [NH04] , but only in case of A 1 S /S. Fix π ∈ Q p such that π p−1 = −p. We assume that π ∈ K. We denote by L π the Artin-Schreier isocrystal in
k the canonical duality bracket given by t → xy. We denote the composition by 
Proof. From some base change isomorphism, we get the first isomorphism:
, which gives 3.1.5.1. Moreover, similarly and by using the projection formula (see [AC13b, A.6 
Since the proof of the main result on Betti estimate (see 3.2.2) in the case of curves is easier (e.g. remark that we do not need in this case the Lemma 2.3.3) and since its proof is made by induction, we first check separately this curve case via the following lemma.
Lemma 3.1.6 (Curve case). Suppose k is algebraically closed. Let X 1 be a projective, smooth and connected curve,
There exists a constant c(E) such that, for any finite étale morphism of degree d 1 of the form α : X 1 → X 1 with X 1 connected, by putting E := α + (E), we have
Proof. There exists an open dense affine subvariety U 1 of X 1 such that E|U 1 ∈ F-D b isoc (U 1 /K), Let Z 1 be the closed subvariety X 1 \ U 1 , j : U 1 ֒→ X 1 and i : Z 1 ֒→ X 1 be the immersions. We put U 1 := α −1 1 (U 1 ), Z 1 := α −1 1 (Z 1 ) i.e we get the cartesian squares:
By considering the exact triangle j ! j ! (E) → E → i + i + (E) → +1 we reduce to check the proposition for E = j ! j ! (E) or E = i + i + (E) (and because the functors j ! j ! and i + i + preserve D ≤0 ).
1) In the case where E = i + i + (E), we can suppose that Z 1 is a point. We put G :
. By devissage, we can suppose that F is a module, i.e.
Since U 1 is affine, since j ! is exact (and E ∼ −→ j ! ( F)), for any r ∈ {0, 1}, we get
From 3.1.1.2, we get dim
Lemma 2.1.7 we get the second equality χ(
Hence, we can choose in that case c(E) = max{|χ(X 1 , E)|; rk(F)}.
The result and some applications
We will use the following remark during the proof of the main theorem.
Remark 3.2.1. Let M be a solvable differential module on the Robba ring over K. We get the differential slope decomposition M = ⊕M β , where M β is purely of slope β. By definition Irr(M) := ∑ β≥0 β · rk(M β ). Hence, we get that 
Proof. We proceed by induction the integer n ≥ 1. The case n = 1 has already been checked in 3.1.6. Suppose n ≥ 2. Let α a : X a → X a be some finite étale morphism of degree d a with X a connected, X = ∏ n a=1 X a , α : X → X and
Let pr : Y → Spec k and pr : Y → Spec k be the projections (recall that from the convention of this paper, for instance, pr means also the projection pr :
From Lemma 2.3.3, there exists an affine open dense subvariety U 1 (independent of the choice of α i ) of X 1 such that pr
Indeed, from 2.3.1, this is equivalent to prove α 1+ ( pr + ( E))|U 1 ∈ D b isoc (U 1 /K). Then, we get the desired property from the isomorphism α 1+ ( pr + ( E)) ∼ −→ pr + (α + E).
Step I) With the notation 2.3.2, we check that there exists a constant c (only depending on E) such that
• . We conclude by applying the induction hypothesis to E 1 (notice the fact that U 1 is independent on the choice of α i is fundamental, i.e. we do need Theorem 2.3.3).
Step II) 1) By considering the exact triangle j ! j ! (E) → E → i + i + (E) → +1 we reduce to check the proposition for E = j ! j ! (E) or E = i + i + (E) (and because the functors j ! j ! and i + i + preserve D ≤0 ). 2) Suppose E = i + i + (E). We can suppose that Z 1 is a irreducible (i.e. since k is algebraically closed, Z 1 ∼ −→ Speck). Consider the diagram with cartesian squares:
We put G := i + (E), G := β + (G). Since Z 1 is d 1 copies of Z 1 , then we get α 1+ α where in the last isomorphism we have identified Y with Z 1 × Y . We conclude by applying the induction hypothesis to G.
3) Suppose now E = j ! j ! (E), i.e. i + (E) = 0. a) We check that there exists a constant c (only depending on E) such that • For any s ≥ 1, dim H 1 p X 1 + (H s pr + ( E)) ≤ c max{∏ b∈B d b | B ⊂ {2, . . . , n} and |B| = n − 1 − s}.
Proof: We put F = j ! (E), F := α + (F). By using base change isomorphism, we get j ! F ∼ −→ E. Moreover, pr + ( F) where F π means the Fourier transform (see 3.1.3). Hence, we reduce to check the (last) step iv). iv) In this step, we estimate rk(F π (H s pr + ( F))). From the step I) applied to M := j + F π ( j ! E), there exists a constant c (only depending on E) such that It remains to check that rk(F π (H s pr + ( F))) = rk(H s pr + (α + M)). Since β = α (i.e. d 1 = 1), we get the diagram
By base change (recall that α ! = α + ) and next by using 3.1.5, we have
Since the Fourier transform F π is acyclic (see 3.1.4 ) and so is j + , we get H s pr + (α + M)
Since rk(F π (H s pr + F) = rk( j + (F π (H s pr + F)) (recall the notation of 2.3.2), we can conclude.
From Theorem 3.2.2, the reader can check the p-adic analogues of corollaries [BBD82, 4.5.2-5] by copying the proofs. Moreover, from [AC13b] , we have a theory of weight within the framework of arithmetic D-modules. For instance, we have checked the stability properties under Grothendieck six operations, i.e. the p-adic analogue of Deligne famous work in [Del80] ), which is also explained in [BBD82, 5.1.14]. In [BBD82, 5.2.1], a reverse implication was proved. The reader can check that we can copy the proof without further problems (i.e., we only have to check that we have nothing new to check, e.g. we already have 3.1.1 or the purity of the middle extension of some pure unipotent F-isocrystal as given in [AC13b, 3.6 .3]). For the reader, let us write this p-adic version and its important corollary [BBD82, 5.3 .1] (this corollary is proved in [AC13b] in another way, but Theorem 3.2.3 below is a new result). 
